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Abstract
We calculate one- and two-point correlators of winding operators in the matrix model
of 2D string theory compactified on a circle, recently proposed for the description of string
dynamics on the 2D black hole background.
1 Introduction
The matrix quantum mechanics (MQM) approach to the 2D string theory has been proven
very eective, in particular, in the case of the compactication on a circle of a radius R [1, 2].
Recently, it was shown [3] that this approach is capable to capture such important phenomena
as the emergence of a black hole background and condensation of winding modes (vortices on
the world sheet).
From the statistical-mechanical point of view such a model describes a system of planar
rotators (XY -model) on a two-dimensional surface with fluctuating metric. In this sense it is
a natural generalization of its analogue on the flat 2D space studied long ago by Berezinski,
Kosterlitz and Thouless (BKT). The role of the fluctuating surfaces is played by the planar
graphs of the MQM and the vortices appear due to the compactication of the time direction.
As it is usual for the matrix model approach, it enables us to apply the powerful framework
of classical integrability to the computations of physical quantities, such as partition functions
of various genera or correlators of physical operators.
The appropriate MQM model for the compactied 2D string is the inverted matrix oscillator
with twisted boundary conditions [2]. The partition function of such a system as a function of
couplings of the potential for the twist angles appears to be a τ -function of the Toda lattice
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hierarchy [4, 3]. As such, it satises an innite set of partial dierence-dierential Hirota
equations. The couplings play the role of \times" of commuting flows in the Toda hierarchy. As
was shown in [3] they are at the same time the couplings of vortex operators of various vorticity
charges. The tree approximation for the string theory corresponds to the dispersionless limit of
Toda equations.
In this paper we will use Hirota equations to calculate all one-point and two-point correlators
of vortex operators with arbitrary vorticity charges for the compactied 2D string in the tree-like
approximation in the regime of the radius of compactication 1
2
RKT < R < RKT (RKT is the
BKT radius), when condensation of vortices of the lowest charge n = 1 takes place. Unlike the
standard BKT model in flat 2D space, where the Debay screening in the vortex plasma destroys
the long range correlations, the BKT vortices in the fluctuating 2D metric can be described as
a conformal matter with central charge c = 1 coupled to the metric.
An important particular case of this model, for R = 3
4
RKT , claimed in [3] to describe the 2D
string in the dilatonic black hole background, due to the conjecture of [5] based on the results
of [7, 6]. This conjecture establishes a kind of a weak-strong duality between two CFT’s: the
dilatonic black hole and the so called Sine-Liouville theory. We will try to compare our results
with a few calculations of correlators in the continuum CFT performed in [7, 6, 5] and discuss
the diculties of the direct comparison.
In the next section we briefly describe the basic ideas of the MQM approach to the 2D string
theory with vortex excitations; the Toda integrable structure of the model allows to formulate
the Hirota equations describing the dynamics of vortices. In section 3, using Hirota equations
the two point correlators of arbitrary vorticities are expressed through the one point correlators.
In section 4 the one point correlators are explicitly calculated. The explicit expressions for the
two-point correlators can be found in section 5. Section 6 is devoted to the comparison with
the results of continuous (Liouville) approach and to the conclusions.
2 Toda hierarchy for the compactified 2D string
2.1 Matrix model of 2D string and coupling to the windings
In this section we recall the main results of the paper [3] leading to the Toda hierarchy description
for the compactied 2D string theory.









where gab is a two dimensional fluctuating world sheet metric and the only bosonic eld x(σ) is
compactied on a circle of a radius R:
x(σ)  x(σ) + 2piR. (2)
Such a eld admits in general Berezinski-Kosterlitz-Thouless vortices (windings) in its congu-
rations. If we denote by xn1,n2,...(σ) a conguration of the bosonic eld containing n1 vortices
2
of vorticity charge 1, n2 vortices of vorticity charge 2, etc, the partition function of the






Obviously, only the total vorticity
∑1
k=−1 knk is conserved by topological reasons, but we will
distinguish congurations with dierent individual vortices as point-like objects with vorticities
k, to give a statistical-mechanical meaning to the system.
Instead of xing the numbers of vortices nk we can also introduce the partition function with








2   Zn1,n2,. (4)
It is well known that in the case of flat 2D space (gab = δab) such a system can be described
in a dual, coulomb gas picture, in terms of a 2D eld theory of one massless scalar eld ~x(σ)
(not necessarily compactied) perturbed by vortex operators built out of this eld. In the case
of fluctuating metric this scalar eld gets coupled to the Liouville eld. The action (at least in














gR^ = 2pi(2 − 2h), where h is the genus of the surface. Note that we
chose the central charge c = 26 and the Liouville \charges" of vortex operators to make them





(δn,1 + δn,−1), (6)





d2z [(∂x)2 + (∂φ)2 − 4R^φ + µ0φe−2φ + λ0e(R−2)φ cos R~x]. (7)
As its counterparts on the flat space, this theory is supposed to be in the same universality class
as the compactied 2D string theory (1).
In particular case of vanishing cosmological constant µ0 and R = 3/2 (here RKT = 2) the
CFT (7) was conjectured [5] to be dual to the coset CFT describing the string theory on the
dilatonic black hole background [8, 9] (see [3] for the details).
The matrix model version of this theory is represented by the partition function of the MQM
on a \time" circle of the radius R


















dx[ 12 (∂xM)2+V (M)]. (9)
We take the twisted boundary conditions for the hermitian matrix eld M(x), where the twist
matrix Ω can be chosen without lack of generality as a Cartan element of the SU(N) group
Ω = diag(z1, z2,    , zN). The matrix potential is, for example, V (M) = 12M2 − g3pN M3. The
couplings λn will play the same role here as λ
0
n in (5) although the exact relation between them
depends on the regularization procedure (the shape of the potential V (M)).
Following the usual logic of the \old" matrix models, the Feynman expansion of this model
can be shown (see [3] for the details) to describe the compactied lattice scalar eld xi living in
the vertices i = 1, 2, 3, . . . of φ3 type planar graphs. This eld can have vortex congurations:
the vortices of charges n = 1,2, . . . occur on the faces of planar graphs and are weighted
with the factors λn. So the model (8) represents a lattice analogue of the continuous partition
function for the models (1), (4) or (5). The sum over planar graphs represents the functional
integral over two dimensional metrics of the world sheet and due to the standard ‘t Hooft
argument 1/N expansion goes over the powers 1/N2−2h where h is a genus of the world sheet.
This model has a long history. In [10] some estimates of the matrix approach were compared
to the predictions of (7) and appeared to be in full agreement. In [2] the model (1) was
formulated in terms of a twisted inverted matrix oscillator (9). The Toda hierarchy description
of the model (for the usual stable oscillatorial potential) was proposed in [4]. In the paper
[11] the dual version of the matrix model of [1, 10], the Sine-Gordon model on random graphs,
was used to nd (or rather correctly conjecture) the free energy of (5) as a function of the
cosmological constant µ0, Sine-Gordon coupling λ0 and radius R.
The twisted inverted matrix oscillator of [2] appeared to be very useful for the identication
of the free energy of the whole theory (5) and of the corresponding matrix model (8) with the
τ -function of the Toda chain hierarchy of integrable PDF’s [3]. To see how this description




e−2piRµN ZN [λ, g]. (10)
The chemical potential µ happens to be the cosmological constant similar to ~µ appearing in (7)
(see [12] and [2] for the details). Then following the double scaling prescription for the c = 1
matrix model [13] corresponding to the continuous limit for the lattice world sheets we should












and neglecting the cubic term in the
potential V (M), or rather treating it as a cut-o wall at M !1, which gives V (M) ’ −1
2
M2.
Then the integral [2] can be calculated exactly, giving:











q1/2zj − q−1/2zj0 . (11)
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n, q = e2piiR .
For the identication with τ -function it is convenient to redene the vortex couplings as
tn =
λn
qn/2 − q−n/2 . (12)












where the charge l giving an extra \lattice" dimension to the Toda equations appears to be an
imaginary integer shift of the cosmological constant µ. The couplings tn of vortices, together
with t0 = µ turn out to be the \times" of commuting flows of the hierarchy. Due to this the whole
sector of the theory describing the dynamics of winding modes of the model (1) is completely
solvable and the calculations of particular physical quantities, such as the correlators of vortex
operators, are greatly simplied. In particular, the τ function (13) represents the generating
function for such correlators in the theory (7):
Ki1in =
∂n





with µ and λ1 xed.
Using the Hirota equations of Toda hierarchy we will calculate in this paper the one-point and
two-point functions of vortex operators of arbitrary vorticities in the spherical approximation.
2.2 Hirota equations
One can show [16] that the ensemble of the τ -functions of the Toda hierarchy with dierent
charges satises a set of bilinear partial dierential equations known as Hirota equations which
















τi+l[t]  τl+1[t], (15)
where
y = (y1, y2, y3, . . .), (16)
~D = (D1, D2/2, D3/3, . . .) (17)
represent the Hirota’s bilinear operators
Dnf [t]  g[t] = ∂
∂x
















Since the τ -function of the Toda hierarchy is related to the free energy by
τs[µ, t] = exp (F (µ− is)) , (20)
the Hirota equations lead to a triangular system of nonlinear dierence-dierential equations
for the free energy of the model (10)-(11). Due to (14) it can be actually thought of as a system
of equations for the correlators which we are interested in.
2.3 Scaling of winding operators
It turns out that there is a scale in the model which corresponds to the scale given by the
string coupling constant in the string theory. Since gs  e<φ> it can be associated with the
Liouville eld φ or the cosmological constant µ0 coupled with it. All couplings λ0n have denite
dimensions with respect to this scale. In the Toda hierarchy the counterparts of µ0 and λ0n are
µ and tn correspondingly. As one can immediately see from (5) by shifting the zero mode of the
Liouville eld, the corresponding dimensions of the couplings tn with respect to the rescaling of
the cosmological constant µ are
[tn] = 1− Rjnj
2
. (21)










µ2 log ξ, (23)
Fh = ξ
2h−2fh(ω; s), h > 0, (24)
where the quantities fh are the functions of the dimensionless parameters






ω = µξ, with ξ = (λ
p
R− 1)− 22−R = (t1t−1(R− 1))− 12−R . (26)
Remarkably, the Toda equations (15) are compatible with this scaling.
The spherical limit of the string partition function is described by the dispersionless Toda
hierarchy which can be obtained taking ξ −! 0. In this limit the explicit expression for the
partition function with vanishing sn has been conjectured in [11] and proven in [3] . The result






X0 − e−R−1R X0 (27)
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2 −R + 1




This result will serve as an input for the following calculation of the correlators in the spherical
limit.
3 Two-point correlators from the Toda hierarchy
3.1 Equation for the generating function of two-point correlators
To nd equations for the two-point correlators in the spherical limit let us take in (15) i = 0
and the coecient in front of ynym, n, m > 0. Then we obtain the following equation[
4pn+m( ~D+)− 2pn( ~D+)Dm − 2pm( ~D+)Dn + DnDm
]
τs+1  τs = DnDmτs  τs+1,[
2pn+m( ~D+)− pn( ~D+)Dm − pm( ~D+)Dn
]
τs+1  τs = 0. (29)
This equation is valid also at m = 0 or n = 0 if we set D0  1. Such an equation can be
obtained from the coecient in front of yn in (15).




















τs+1  τs = 0. (30)












 τs+1  τs. (31)
It is easy to check the following remarkable formula
f(D)eF  eG = eFeGf (D + (∂F  1− 1  ∂G)) , (32)









































Xk = ∂kF 1
2
 1− 1  ∂kF− 1
2
, k 6= 0. (34)
The 1’s in the right hand side of (33) arise from the denition of D0.
We show in Appendix A that in the dispersionless limit only the second derivatives of the
free energy survive. This means that we can put the second and higher derivatives of Xk to
zero: DnXk = 0, n > 1. Besides, using (20) we obtain in this limit
~Xn = −i 1jnj
∂2
∂tn∂µ
F0 := ~X0,n, (35)





F0 := ~Xn,m. (36)
Thus the elds ~Xn,m correspond (up to a numerical factor) to the two-point correlators, whereas
~X0,n give the one-point ones. We also dene the generating function of all ~X’s




where we have taken ~X0,0 = 0.
With these denitions, trivial manipulations which can be found in Appendix B, lead to the







F (x,x) − e 12F (y,y)
)
= x∂xF (x, y)e
1
2




3.2 Solution in terms of one-point correlators

















− e 12F (y,y)dy
y
. (39)









F (z,z) = log
x
y











F (z,z) − 1
)
(41)
1We can shift the index s of the free energy Fs = log τs since due to (20) the resulting equation depends only
on the difference of the indices of two τ -functions.
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is a regular function at x = 0.
In terms of the new variables the equation reads













(x− y)2 . (42)
Thus
F (x, y) = log
xy
(x− y)2 + g(ζ), (43)
where the function g(ζ) is xed by the requirement for F (x, y) to be analitycal in both argu-
ments.
The analitycity condition together with (40) leads to the following requirements on g(ζ):
i) g(ζ) 
ζ!1
ζ ; ii) g(ζ) 
ζ!0














Taking together (43), (44) and (40) we obtain the solution for the generating function of the
two-point correlators in terms of a still unknown regular function h(x)













From (45) it is easy to see that h(x) is nothing else than the generating function for the one-point
correlators since h(x) = F (x, 0).
3.3 Two-point correlators with vorticities of opposite signs
Up to now we considered the two-point correlators for vorticities of positive sign only. Now we
generalize the results for other cases.
First of all, the case of both negative signs can be directly obtained from the previous one.
The corresponding equation which is derived from the coecient in front of y−ny−m in the Hirota
equation looks as (29)[
2pn+m( ~D−)− pn( ~D−)D−m − pm( ~D−)D−n
]
τs  τs+1 = 0. (46)
The only dierence is that τs and τs+1 are exchanged. Due to this there is an additional minus
in the denition of ~X0,−n. So we should distinguish two types of correlators
~X0,m := i 1jnj ∂
2
∂tn∂µ






F0, n, m 6= 0. (48)







Despite of this minus all equations for the case of negative vorticities being written in terms of
~X−n,m are the same as for the case of positive ones. As a result F
−(x, y) is given by the same
solution (45) as F+(x, y). The only dierence between them is the generating function of the
one-point correlators h which should be replaced in (45) by h correspondingly.
To nd the correlators with vorticities of opposite signs, take the coecient in the Hirota
equation in front of yny−m and set i = 1. Then we obtain the following equation
−2pn( ~D+)D−mτs+2  τs =
[
−2pm( ~D−)Dn + ~D−1D−mDn
]
τs+1  τs+1,
pn( ~D+)D−mτs+2  τs = pm( ~D−)Dnτs+1  τs+1. (50)
The last term in the rst line vanishes since it always gives rise to Dk(Fs+1  1−1 Fs+1) = 0. In
general, the one-point correlators appearing from τs+k τs are always supplied with the coecient
k what follows from (20). Due to this in the right hand side there are no one-point correlators
whereas in the left hand side they enter with the coecient 2. This equation is valid also for
m = 0 if we take D0  −2 instead of the previous choice. However, for n = 0 it is never fullled.








































G(x, y) = −2yeh−(y). (54)
It is clear that the solution of this equation looks as









−(y) − Axeh+(x)). (55)
The unknown function f is determined by the analitycity of G(x, y). Requiring cancelation
of the logarithmic singularity at y = 0 we obtain that f(z) = 2 log z, As a result we nd the
generating function





Let us note that the equations (45) and (56) resemble the equations for two-point correlators
of the two-matrix model found in [17].
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4 One-point correlators
4.1 Equation for the generating function
Now we should work out an equation for the one-point correlators. We can always put t1 = −t−1
(corresponding to λ1 = λ−1, see (12)). From the equations written below for positive vorticities
it is clear that in this case h(x) coincide with each other. For this reason we omit in the
following the inessential sign label in h(x). The case of general t’s can be obtained from the




. It can be easily seen from (25)
and is due to the total vorticity conservation. Accordingly,










The equation we are looking for arises from two facts: i) we know the dependence of the free
energy on t1 and µ (27), (28); ii) the system of equations for the correlators is triangular. Due
to this we can express ~X1,n through ~X0,n by a linear integral-dierential operator. Namely, in
terms of the generating functions we can write
∂yF
+(x, 0) = K^(+)h(x) + ~X+1,0, (59)
∂yG(x, 0) = K^
(−)h(x), (60)
where the operators K^() are to be found. The last term in the rst line is explicitly added since
in our notations F+(0, 0) = ~X+0,0 = 0. Moreover, we can rewrite these equations in terms of the







− 2 ~X+0,1, (61)
K^(−)h(x) = −2Axeh(x). (62)
To nd the operators K^() we compare the derivatives of the free energy with respect to µ



















































These relations together with (35) and (36) imply that the operators are given by
K^(+) = −a























2 . This expression is also valid for the case n = 1 where the derivatives
of the free energy contain additional terms appearing from the logarithmic term in (23).
Inserting (65) and (66) into (61) and (62) and taking the derivative with respect to ω we




































Let us take advantage of having two equations for one quantity. Using (67) and (68) we can
exclude the derivative with respect to x. The resulting equation is
(





∂ωh = 2∂ω ~X
+
0,1 + 2(R− 1)∂ωAxeh. (69)


















Noting that the equation (69) is homogeneous in the derivative ∂ω we can change it by ∂X0 .























∂X0h = 1. (71)




h − zeh = 1, (72)





X0 . As it is easy to check this solution satises both equations (67) and
(68).
4.3 One-point correlators of fixed vorticities
Explicit expressions for the one-point correlators are given by the coecients of the expansion











Γ(n(a− 1) + b + 1) , (73)
s = 1 + zsa. (74)
Taking s = e
1
R







Γ((n + k)R− n + 1) . (75)







Γ(n(R− 1) + 1) . (76)











After integration over µ and taking into account the relation (12) we obtain the following one-



















(Here the lower limit of the integration is chosen to be X0 = +1. Only this choice reproduces
∂λ1F0 from (28).) In particular, in the limit µ ! 0 (X0 ! 0) corresponding to string theory
on the black hole background (in fact, only the point R = 3/2 is supposed to describe the







(2− R)nΓ(nR + 1)
(n + 1)!Γ(n(R− 1) + 2) . (79)
5 Results for two-point correlators
5.1 Correlators with vorticities of opposite signs
These correlators are given by the expansion coecients of the generating function (56). This
function can be easily expanded in eh for which the series (75) can be used. This leads to the
following expansion
































Γ(n(R− 1) + kR + 1) . (82)
The two-point correlators appear to be












k(R− 1)kek R−1R X0
(n− k)!(m− k)!Γ(n(R− 1) + k + 1)Γ(m(R− 1) + k + 1) . (83)
To get the result in the black hole limit it is enough to set X0 = 0 in the above expression.
It is worth to give also the result for the ratios of correlators which do not depend on possible







k(R− 1)k(n + 1)!(m + 1)!Γ(n(R− 1) + 2)Γ(m(R − 1) + 2)
(n− k)!(m− k)!Γ(n(R − 1) + k + 1)Γ(m(R− 1) + k + 1) .
(84)
Since they can in principle be compared with CFT calculations in the black hole limit we restrict
ourselves only to this particular case.
5.2 Correlators with vorticities of same signs
To investigate this case we should expand (45) in x and y. The expansion in the rst argument
gives for n > 0

















































The last term in the right hand side is singular and we know from the analitycity of F (x, y)
that it should vanish. The remaining part gives the values of the two-point correlators













(n− k)!(m + k)!Γ(n(R− 1) + k + 1)Γ(m(R− 1)− k + 1) . (86)
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k(n + 1)!(m + 1)!Γ(n(R− 1) + 2)Γ(m(R− 1) + 2)
(n− k)!(m + k)!Γ(n(R− 1) + k + 1)Γ(m(R− 1)− k + 1) . (87)
It is clear from the denition that (86) as well as (87) should be symmetric in m and n.
However, our results do not possess this symmetry explicitly. The reason is that the expansion
of (45) has been done in a nonsymmetric way. It may be possible to symmetrize them by means







k−m = 0, 1  m < n. (88)
This identity follows from vanishing of the last term in (85).
6 Discussion
The main result of this paper is the calculation of one- and two-point vorticity (winding) cor-
relators given by the generating functions (45), (56) and (72). What kind of physics do they
describe?
We can look at our model from two points of view: as a statistical-mechanical system
describing a gas of vortices and as a string theory.
Statistical mechanical picture
In the statistical mechanical picture we interpret the planar graphs of the MQM (9) as random
dynamical lattices populated by Berezinski-Kosterlitz-Thouless (BKZ) vortices.
Our one point correlator Kn (78) should be in principle proportional to the probability to
nd in the system a vortex of a given vorticity n. The probability should be a positive quantity.
However, we see that the explicit expressions (78)-(79) contain the sign-changing factors 1
sinpiRn
.
Their origin is not completely clear to us but we see two possible explanations for them:
i) They appeared as a result of wave function renormalisation in the continuous (double
scaling) limit and should be absorbed into the \leg-factors". The rest of the one-point correlator
is strictly positive in the interval 1 < R < 2 which we pretend to describe. This point of view
is supported by the fact that these factors appear as the same wave-function renormalisations
also in the two point correlators (83),(86). Since their origin is completely due to the change of
variables (12) these factors appear to be a general feature for all multipoint correlators.
ii) The sign-changing might be a consequence of the fact that our approach based on the
Hirota equations (describing directly the double scaling limit) does not keep track of non-
universal terms due to the ultraviolet (lattice) cut-o in the system. Such UV divergences are
well known in the Coulomb gas description of the BKT system: they usually correspond to
the proper energy of a vortex. In that case the correlators we calculated above are only the
universal parts of the full correlators containing also big positive non-universal contributions.
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These universal parts cannot be interpreted as full probabilities and have no reason to be
positively dened.
To prove or reject these explanations we have to see what happens with the individual
vortices in the process of taking the double scaling limit, from planar graphs picture to the
inverted oscillator description. It is not an easy, although not hopeless, task which we leave for
the future.
String theory picture
The MQM describes also the two-dimensional bosonic string theory in compact imaginary time
(i.e. at nite temperature). Due to the FZZ [5] conjecture, at the vanishing cosmological
constant it can be also interpreted as a string theory in the Euclidean 2D black hole background
(at least at R = 3/2) [3]. Our one-point correlators should contain information about the
amplitudes of emission of winding modes by the black hole, whereas the two-point correlators
describe the S-matrix of scattering of the winding states from the tip of the cigar (or from
the Sine-Liouville wall). However, the exact correspondence is lacking due to the absence of
the proper normalization of the operators. In [5] and [6] some two- and three-point correlators
were computed in the CFT approach to this theory. It would be interesting to compare their
results with the correlators calculated in this paper from the MQM approach. However there
are immediate obstacles to this comparison.
First of all, these authors do not give any results for the one point functions of vortices.
In the conformal theory such functions are normally zero since the vortex operators have the
dimension one. But in the string theory we calculate the averages of a type <
∫
d2zV^n(z) >
integrated over the parameterization space. They are already quantities of zero dimension,
and the formal integration leads to the ambiguity 0  1 which should in general give a nite
result. Another possible reason for vanishing of the one-point correlator could be the additional
innite W-symmetry found in [7] for the CFT (7) (at R = 3/2, µ0 = 0) 2. The generators
of this symmetry do not commute with the vortex operators V^n, n 6= 1. Hence its vacuum
average should be zero, unless there is a singlet component under this symmetry in it. Our
results suggest the presence of such a singlet component.






















This theory coincides with the CFT (7) (again at R = 3/2 and µ0 = 0) in the limit m ! 0,
φ0 ! −1, with λ = me− 12φ0 xed, where φ0 is a shift of the zero mode of the Liouville eld
φ(z). So we can try to perform this limit in the calculated one-point functions directly. As a
result we obtain K(m)n  m2λ3n−4. The coecient we omitted is given by a complicated integral
which we cannot perform explicitly. It is important that it does not depend on the couplings
and is purely numerical. We see that, remarkably, the vanishing mass parameter enters in a
constant power which is tempting to associate with the measure d2z of integration. Moreover,
2We thank A.Zamolodchikov for this comment
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the scaling in λ is the same as in (79) (at R = 3/2) up to the n-independent factor λ−8. All
these n-independent factors disappear if we consider the correlators normalized with respect to
K(m)1 which is denitely nonzero. They behave like  λ3(n−1) what coincides with the MQM
result.
The two point correlators for the CFT (7) with µ0 = 0 are calculated in [6] only in the case of
vortex operators of opposite and equal by modulo vorticities. They should be in principle com-
pared to our Kn,−n correlators from (83). However, we should compare only properly normalized
quantities, knowing that the matrix model correlators generally dier from the CFT correlators
by the leg-factors. To x the normalization we have to compare the quantities similar to (84)
and (87) which are not available in the CFT approach.
A lot of interesting physical information is contained in multipoint correlators (3-point and
more) which we did not consider in this paper and some of which are calculated in the CFT ap-
proach of [5, 19]. The direct calculations from the Hirota equations look very tedious. Hopefully
the collective eld theory approach of [20] can help on this way.
A lot is to be done to learn how to extract information about the black hole physics from the
correlators. First of all, we have only calculated some vortex (winding modes) correlators in our
MQM approach. The vertex (momentum modes, or tachyon) correlators are unavailable in the
Toda hierarchy approach used here and do not seem to t any known integrable structure in the
MQM, although they are in principle calculable directly from the MQM in the large N limit.
On the other hand, they bear even a more important information about the system than the
winding correlators: they describe the S-matrix of scattering of tachyons o the black hole and
can be used to \see" the black hole background explicitly. The one-point tachyon correlators
may give information about the black hole radiation. In general, the MQM approach seems to
be a good chance to work out a truly microscopic picture for the 2D black hole physics.
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Appendix A
Let us investigate which terms will survive in the dispersionless limit in the equation (29). This











kj xed. When we rewrite them in terms of the free energy Fs = log τs we obtain















qj = l. In the dispersionless limit (22), (26) and (20) imply
Fs+1 + Fs  2F0, (92)
Fs+1 − Fs  −iξ ∂
∂ω
F0, (93)
The main contribution in the dispersionless limit comes from the terms with the minimal degree
of ξ. The total degree of ξ for a given term is
l∑
j=1




where r is the number of odd qj . It is easy to see that the minimum is achieved when all qj = 1
or 2 and it equals −nR
2
what is independent on all particular parameters and hence is similar
for all terms in the equation. It means that only two- and one-point correlators survive.
Appendix B
Combine together all terms with ~Dk and separately with ~Xk in the exponents of the eq. (33).




[A,B] which is valid


















































































































































what can be written in terms of the generating function (37) as in (38).
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